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Abstract: Spherical contours introduced in [1] translate the concept of “disconti-
nuity across a branch cut” to Feynman parameter space. In this paper, we further
explore spherical contours and connect them to the computation of leading IR di-
vergences of 1 loop graphs directly in Feynman parameter space. These spherical
contours can be used to develop a Feynman parameter space analog of “Leading
Singularities” of loop integrands which allows us to develop a method of determin-
ing Feynman parameter integrands with no reference to the momentum space loop
integrand. Finally, we explore some interesting features of Feynman parameter inte-
grands in N = 4 SYM.
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1 Introduction
A connection between the singularity structure of one-loop integrands and the pro-
jective geometry of their associated Feynman parameter integrand was established
in [1]. One of the central results of this paper was the introduction of a new kind of
residue in Feynman parameter space - associated with “spherical contours ” - which
capture information about discontinuities of the integrands across various branch
cuts. It was also shown that this seemingly calculus based operation also has an
algebraic interpretation. The purpose of this paper is to provide some additional
details on this algebraic interpretation and also explore IR divergent integrals as the
authors of [1] largely focused on finite integrals.
The structure of the paper is as follows. We begin by discussing some preliminaries
of Feynman parametrization and setting the notation for the rest of the paper in Sec-
tion [2]. In Section [3], we investigate IR divergent integrals in Feynman parameter
space. We motivate and develop a new kind of “residue” operation which computes
the leading IR divergence of one loop amplitudes and show that it correctly repro-
duces the leading IR divergences in all cases. Section [4] involves discussion of the
algebraic structure of spherical residues. A method to construct one loop integrands
using spherical residues is outlined in Section [5]. We conclude by examining some
appealing features of Feynman parameter integrands in N = 4 SYM in [6].
2 Feynman Parametrization revisited
Although Feynman parametrization is a familiar trick, let us begin by discussing it in
a more geometric way. This will highlight some of the features of Feynman parameter
integrals which are important for the rest of the paper. consider the scalar one-loop
integrals of the form (µ2 is the mass scale introduced in dimensional regularization)
In = (µ
2)ν−`D/2
∫ L∏
k=1
dD`k
ipiD/2
n∏
j=1
1
(−q2j +m2j)νj
ν =
n∑
j=1
νj (2.1)
Here each qj is a linear combination of the external momenta pk and the loop mo-
menta `k. A straightforward Feynman parametrization yields
In = (µ
2)ν−`D/2
Γ(ν)∏n
j=1 Γ(νj)
∫ ∞
0
dn x δ(1−
∑
i
xi)
n∏
j=1
x
νj−1
j
Un−4
Fn−2 (2.2)
where U and F are functions of the Feynman parameters xj which depend on the
particular integral. They are defined by first expressing the denominator as a poly-
nomial in the loop momenta.
n∑
j=1
xj(−q2j +m2j) = −
L∑
r,s=1
`µrMr,s`sµ + 2
L∑
r=1
lµrQrµ + J
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where J contains all the terms independent of the loop momenta. Then,
U = detM F = detM(J +Q.M−1.Q)
U and F are called the Symanzik polynomials. It will be of interest to note that
for one loop U and F are homogenous polynomials which are linear and quadratic
respectively. They can also be calculated efficiently by using graphical rules which
are detailed in [2].
It is illuminating to consider another path of arriving at this result. Let us first
introduce Schwinger parameters αi
1
(−q2i +m2i )νi
=
∫ ∞
0
dαi e
−αi(−q2i+m2i )νi (2.3)
Inserting this in [2.1], we can perform the Gaussian integrals over all the loop mo-
menta. The result is
In = (µ
2)ν−`D/2
i−ν−1pi2∏n
j=1 Γ(νj)
∫ ∞
0
dα1 . . . dαn
n∏
j=1
α
νj−1
j
1
U2
ei
F
U
−i∑j m2jαj (2.4)
where U and F are polynomials in the αi. They are homogenous and like the
Symanzik polynomials U and F , linear and quadratic respectively. For more de-
tails, see [2, 3].
We can now introduce new variables via αi = ηxi. Since there are n + 1 new
variables, we must impose a constraint on the xi which we take to be
∑
i∈S xi = 1
where S ⊂ {1, . . . n} which changes [2.4] to
In = (µ
2)ν−`D/2
i−ν−1pi2∏n
j=1 Γ(νj)
∫ ∞
0
dX dη ηn−1
(
ην−n−2
n∏
j=1
x
νj−1
j
1
U2
ei η (
F
U
−i∑j m2j xj)
)
where dX = dx1 . . . dxn δ(1−
∑
i∈S xi). This result is called the Cheng-Wu theorem
[4]. In particular, this implies that we could set any one of the Feynman parameters
xi to 1. The vector X = (x1, . . . , xn) can be thought of as a point in projective space
and the measure dx1 . . . dxn δ(1−
∑
i∈S xi) can be better written as
〈Xdn−1X〉 ≡ µ1...µnXµ1 dXµ2 . . . dXµn .
The textbook result of Feynman parametrization [2.2] is obtained by setting
S = {1, . . . n}. For the rest of the paper, we will assume that the factors νi = 1 and
write all the Feynman parameter integrals in a projective manner as shown below.
In =
∫ 〈Xdn−1X〉 Un−4
Fn−2
The homogeneity properties of U and F are essential in making the integrals projec-
tively well defined.
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Throughout this paper we will use three kinds of variables to describe the external
momenta - dual momenta, momentum twistors and embedding space momenta. Dual
momenta yµi are defined by
pµi = y
µ
i − yµi−1 yµij ≡ yµi − yµj .
We associate a variable y for the loop momentum. Momentum twistors Zi are defined
by associating a line Zi−1Zi with each yi. The scalar y2ij is related to the SL(4, R)
invariant 〈i − 1ij − 1j〉 ≡ ABCDZAi−1ZBi ZCj−1ZDj . Each loop momentum variable is
associated to a line AB in twistor space which is to be integrated over using the
measure 〈ABd2A〉〈ABd2B〉. For more details, see [5]
A vector yµ in D-dimensional Minkowski space is mapped to a null vector Y M =
(1, y2, yµ) in embedding space. Here, we have specified the components in light-cone
co-ordinates, i.e. Y + = 1, Y − = y2 and Y µ = yµ. The metric is g+− = g−+ = −1/2
and gµν = ηµν with all other entries zero. The invariants y
2
ij = −2Yi.Yj. In particular,
for null momenta, we have Yi.Yi+1 = 0. The integral (2.1) can be written as
In = (µ
2)ν−`D/2
∫
[d4Y ]
(Y.Y1)ν1 . . . (Y.Yn)νn
(2.5)
The measure [d4Y ] = d
6Y δ(Y.Y )
Vol(GL(1))
. For more details, see [1, 6].
For the particular case of planar one-loop integrals, simple expressions are available
for the Symanzik polynomials. While U depends on the details of the numerator, F
depends only on the pole structure.
F =
∑
i<j
xixj y
2
ij = X.Q.X
where Qij can be expressed in any of the three equivalent forms y
2
ij ,〈i− 1ij− 1j〉 or
Yi.Yj.
3 1-loop IR divergences
It is well known that loop integrals suffer from IR divergences. These divergences
arise when the loop momentum ` becomes collinear with an external massless mo-
mentum pi, i.e. `.pi → 0 (soft) or when it becomes collinear to two consecutive null
external momenta `.pi−1 = `.pi = 0. As a specific example, consider the 4D massless
box integral in momentum space and the corresponding Feynman parameter integral.
I4 =
∫
d4`
1
`2 (`− p2)2 (`− p2 − p3)2 (`+ p1)2 =
∫ ∏4
i=1 dxi δ(x1 + x2 + x3 + x4 − 1)
(x1x3 s+ x2x4 u)2
where s = (p1 + p2)
2 and u = (p1 + p4)
2. This integral is of course well known and
has been evaluated in dimensional regularization in D = 4− 2 dimensions.
I4 =
Γ(1 + )Γ2(1− )
Γ(1− 2)s u
(
2
2
[
(−µ−2s)− + (−µ−2u)−]− log2 s
u
− pi2
)
+O()
– 4 –
The presence of the 1
2
terms indicated an IR divergence. A more transparent anal-
ysis using a massive regulator instead of dimensional regularization reveals that the
region divergence coming from the regions `2 = (` − p2)2 = (` + p1)2 = 0 is of the
form 1
su
(log2m
2
s
+ log2m
2
u
). We refer the reader to section 7 in [7].
We can thus precisely characterize the IR divergent region in momentum space as
being associated with three propagators going on-shell. A similar characterization
in Feynman parameter space should involve the Feynman parameters corresponding
to these three propgators, x1, x2 and x3. To motivate such a characterization, recall
the definition of the Schwinger parameter α
1
p2
=
∫ ∞
0
dα e−αp
2
Near the upper limit of the integral, i.e. for large α, a configuration with p2 ≈ 0 would
be the most relevant. We might hope that the large α limit probes soft momenta.
Since Feynman parameters are related to Schwinger parameters by xi =
αi∑
i αi
, the
limit αi →∞ corresponds to xi → 1 projectively or xi →∞ non projectively.
Furthermore, we can manipulate I4 to understand the relationship between the con-
secutive massless legs as follows. We use Lorentz invariance to transform to a frame
in which pµ1 = (1, 0, 0, 0) and p
µ
2 = (0, 1, 0, 0). Here, we have specified the components
in light-cone coordinates as (p+i , p
−
i , p
1
i , p
2
i ). Hence p
2
1 = p
2
2 = 0 is automatic. If we
work in the soft region where `2 ≈ 0, we can write `.p1 ≈ l+ and `.p2 ≈ l−.
IM4 =
∫
1
2p2.p3
d4`
(`+`− − `2⊥) `− `+
(3.1)
The soft collinear region is the region in which all three propagators go on shell.
`+ ≈ 0, `− ≈ 0 and `2⊥ ≈ `+ `−. This suggests that the corresponding region in
Feynman parameter space is x2 ≈ x1x3 and x2 → ∞. In this region, we should be
able to observe a log2 divergence and calculate its coefficient. This is also equal to
the coefficient of the 1
2
term in dimensional regularization and is known as the cusp
anomalous dimension Γ. In what follows, we will demonstrate that this region in
Feynman parameter space indeed captures the IR divergent region and calculates
the corresponding Γ.
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3.1 Composite residues in momentum space
Let us begin by understanding the calculation of Γ directly in momentum space as
a composite residue on the poles corresponding to three propagators going on shell.
We demonstrate this for the case of a scalar n-gon.
In =
∫
d4 l
l2(l − p2)2 . . . (l + p1)2
=
∫
d4y
(y − y1)2(y − y2)2 . . . (y − yn)2 (3.2)
where
pi = yi − yi−1 y = l + x1 (l −
k∑
i=2
pi) = l + y1 − yk
We want to calculate the residue associated with the loop momentyum ` being
collinear to two consecutive null external momenta, i.e. `.pi−1 = `.pi = 0. In terms of
the dual momenta yi, this is equivalent to (y−yi)2 = (y−yi−1)2 = (y−yi+1)2 = 0. To
calculate this residue, we first parametrize y on the cut (y− yi)2 = 0 by introducing
spinor helicity variables.
y ≡ yi + λ λ˜ yi − yi−1 ≡ λi λ˜i
From this, it follows that
(y − yi−1)2 = 2 〈λ i〉
[
λ˜ ˜i+ 1
]
(y − yi+1)2 = 2 〈λ i+ 1〉 [λ i+ 1]
(y − yk)2 = (yi − yk)2 + 2 (yi − yk).(λλ˜)
For convenience, we expand λ in a basis consisting of λi and λi+1 (with a similar
expansion for λ˜).
λ = βλi + γ λi+1 λ˜ = σ λ˜i + ρ λ˜i+1
In terms of these variables, the measure
d4y =
d2λ d2λ˜
Vol GL(1)
= dγ dρ dσ 〈ii+ 1〉 [ii+ 1]
We have used the GL(1) to fix β = 1. By introducing the spinor helicity variables,
we are already on the cut (y − yi)2 = 0. This residue can now be written as
Res(y−yi)2=0In =
1
4
∫
dγ
γ
dρ
ρ
dσ
σ
1
〈ii+ 1〉 [ii+ 1]∏k 6={i−1,i,i+1}((yi − yk)2 + 2(yi − yk).λλ˜)
On this cut, we can now fully localize the loop momentum yi by taking the residue of
the poles γ = ρ = σ = 0, even though we have cut only three propagtors. This is an
example of a composite residue. Recalling that 〈ii + 1〉 [ii+ 1] = (yi − yi−1).(yi+1 −
yi) =
1
2
y2i−1i+1, the co-efficient of the IR divergence can be written as
ΓIn =
∮
γ=ρ=σ=0
Res(y−yi)2=0In =
1
8
1
y2i−1,i+1
∏
k 6={i−1,i,i+1} y
2
i,k
(3.3)
This can be compared to the full expression for the amplitudes given in [8, 9].
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3.2 Composite residues in Feynman parameter space
We will now demonstrate that the coefficient of the log2 divergence, as obtained
in (3.3) can also be obtained directly in Feynman parameter space. As suggested
above, the IR divergences in Feynman parameter space are associated to a triplet of
consecutive Feynman parameters (xi−1, xi, xi+1) and come from the region where xi
is large and xi−1xi+1 scales as xi. We will evaluate the integral (3.2) in this limit and
find that the result is proportional to ΓIn .
We being by writing (3.2) as a projective integral in Feynman parameter space.
In =
∫ 〈Xdn−1X〉 Un−4
Fn−2 (3.4)
with the Symanzik polynomials
U =
∑
i
xi F =
∑
i<j
xixj
Let us introduce new variables (ρ, τ) via
xi−1 =
√
xi ρ e
τ xi+1 =
√
xi ρ e
−τ
This change of variables ensures that we have the required scaling, xi−1xi+1 = ρ2xi of
the relevant Feynman parameters. In the limit of the limit of large xi, the Symanzik
polynomials reduce to
U = xi +O(√xi)
F = xi
y2i−1i+1ρ2 + ∑
j 6={i−1,i,i+1}
y2ij xj
+O(√xi).
Note that the quadric has facotrized in this limit. This guarantees that the resulting
integral over the remaining (n − 3) Feynman parameters (recall that the integral is
projective and requires only (n− 1) integrations) is now rational.
In ≈
∫ ∏
k 6=i−1,i+1
dxk 2ρ xi dρ dτ
(
xn−4i
)
xn−2i
(
y2i−1i+1ρ2 +
∑
j 6={i−1,i,i+1} y
2
ij xj
)n−2
= 2
∫
dxi
xi
dτ
∫
ρ dρ
∏
j 6={i−1,i,i+1} dxi(
y2i−1i+1ρ2 +
∑
j 6={i−1,i,i+1} y
2
ij xj
)n−2
The divergent factor is ∫
dxi
xi
dτ =
∫
dlogxi dlog
xi+1
xi−1
The remaining integrals are rational as expected and can be easily evaluated.∫ 2ρ dρ∏j 6={i−1,i,i+1} dxi(
ρ2 +
∑
j 6=i−1,i,i+1 xj
)n−2
 = 1
(n− 3)!
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With this,
In ≈
∫
dlogxi dlog
(
xi+1
xi−1
)
1
y2i−1,i+1
∏
j 6={i−1,i,i+1} y
2
ij
1
(n− 3)!
We see that there is a log2 divergence and its coefficient is the same as ΓIn upto a
numerical factor.
1
(n− 3)!
1
y2i−1i+1
∏
j 6={i−1,i,i+1} y
2
ij
=
8ΓIn
(n− 3)! (3.5)
3.3 Proof for general one-loop integrals
We will now generalize the above results to include cases with tensor numerators.
It is easiest to work in embedding space. A generic one-loop integral with a tensor
numerator has the form
In =
∫
T [Y n−4] [d4Y ]
(Y.Y1) . . . (Y.Yn)
(3.6)
where T [Y n−4] = Ti1...inY
i1 . . . Y in is a tensor of rank n − 4. The measure [d4Y ] =
d6Y δ(Y.Y )
Vol(GL(1))
.
To calculate the coefficient of the IR divergence, we follow the same procedure as in
Section [3.1]. We calculate the residue on the cut Y.Y1 = Y.Y2 = Y.Y3 = 0. Since
the denominator is the same as in (3.4), it is easy to see that the same computation
goes through. The end result is,
ΓIn =
1
8
T
[
Y n−42
]
(Y1.Y3)
∏
k 6={1,2,3} Y2.Yk
(3.7)
We will now show that the same result can be obtained in Feynman parameter space
by scaling the parameters as mentioned before. We being by Feynman parametrizing
the integral in (3.6)
In =
∫
T [Y n−4] [d4Y ] 〈Xdn−1X〉
(Y.W )n
where W =
∑
i xiYi. To do the integral over Y , we note that each factor of Y can
be exchanged for d
dW
to get
In =
6(−1)n−4
(n− 1)! T
[(
d
dW
)n−4]∫
[d4Y ] 〈Xdn−1X〉
(Y.W )4
= T
[(
d
dW
)n−4]∫ 〈Xdn−1X〉
(W.W )2
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where T
[(
d
dW
)n−4]
= Ti1...in−4
d
dW i1
. . . d
dW in−4 and we have used∫
[d4Y ]
(W.Y )4
=
1
(W.W )2
To compare with (3.7), we set x1 =
√
x2ρe
τ , x3 =
√
x2ρe
−τ and take the limit of large
x2. Once again we have W ≈ x2Y2 and W.W ≈ x2
(
ρ2 Y1.Y3 +
∑
i 6=1,2,3 xiYi.Y2
)
. In
the large x2 limit, only the term T [W
n−4] = xn−42 T [Y
n−4
2 ] contributes and
In ≈
∫
dx2
x2
dτ
T [Y n−4]
(Y1.Y3)
∏
i 6=1,2,3(Y2.Yi)
∫ 〈Xdn−4X〉ρdρ
(ρ2 +
∑
i 6=1,2,3 xi)
n−2
The integral
∫ 〈Xdn−4X〉ρdρ
(ρ2+
∑
i 6=1,2,3 xi)n−2
= 1
(n−3)! is independent of the details of the numera-
tor. This explains why ΓIn is always rational at one-loop irrespective of the details
of the integrand.
We have shown that the co-efficient of the IR divergence can be extracted from the
integral by an algebraic operation directly in Feynman parameter space. There is a
potential IR divergence associated with every triplet (xi−1, xi, xi+1). The complete
IR divergence associated with the one-loop integral (3.6) is given by summing over
all such regions
Γ =
n∑
i=1
T
[
Y n−4i
]
(Yi−1.Yi+1)
∏
k 6=i−1,i,i+1 Yi.Yk
. (3.8)
3.4 IR Finite integrals
It is instructive to understand what makes integrals IR finite in Feynman parameter
space. We can see from (3.3) that Γ = 0 unless T [Y n−4i ] 6= 0 for at least one
i ∈ {1, . . . n}. As an example, consider a well known finite integral, the chiral hexagon
I =
∫
AB
〈AB13〉〈AB46〉〈5612〉〈2345〉
〈AB12〉〈AB23〉〈AB34〉〈AB45〉〈AB56〉〈AB16〉 (3.9)
where we have used momentum twistor notation and
∫
AB
=
∫ 〈ABd2A〉〈ABd2B〉.
On Feynman parametrization, this becomes,
(Y13.Y46)(W.W )− 6(W.Y13)(W.Y46)
(W.W )4
where W =
∑
i xi Yi and Yij is the vector in embedding space corresponding to the
bi-twistor ij〉. The numerator doesn’t contain any terms of the form x2i and doesn’t
encounter IR divergences from the collinear region.
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12
34
5
6
Figure 1. Chiral Hexagon
We can now easily construct a basis of IR finite integrals in Feynman parameter
space. At n-points, the numerator of a Feynman integral is a polynomial of degree
(n− 4) in the Feynman parameters.∫
〈Xdn−1X〉 T [X
n−4]
(XQX)(n−2)
(3.10)
where T [Xn−4] = Ti1...in−4X
i1...in−4 . The only constraint IR finiteness imposes on T
is that coefficients of xn−4i should vanish for all i ∈ {1, . . . n}.
At n = 5, this implies that there are no IR finite integrals. This is in agreement
with the result that the chiral pentagons for n = 5 suffer from IR divergences from
unprotected massless corners [5].
At n = 6, the tensor is left with 15 independent coefficients. Further conditions
can be imposed to uniquely specify a basis. For instance, we can demand that some
leading singularities vanish while others are ±1. We will develop these ideas further
in Section [5]. But first, we need to understand the avatar of leading singularities in
Feynman parameter space, which involve the notion of spherical contours.
4 Algebraic aspects of spherical residues
The idea of a spherical contour integral and the corresponding spherical residue
was introduced in [1] to compute the discontinuities of one-loop integrands directly
in Feynman parameter space. Here, we give a brief description of the procedure.
Consider the following integral.
In,k =
∫ 〈Xdn−1X〉T [Xk]
(X.Q.X)
(n+k)
2
(4.1)
with k and n even. For any pair of Feynman parameters (xi, xj), there is a natural
decomposition of the quadric Q into four parts,
X.Q.X = X{ij}.Q{ij},{ij}.X{ij} +X{ij}.Q{ij},{îj}.X{îj} +
X{îj}.Q{îj},{ij}X{ij} +X{îj}.Q{îj},{îj}.X{îj}
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where
X{ij} = (xi, xj)
X{îj} = (x1, . . . xˆi, . . . , xˆj . . . xn)
and the xˆi indicates that the entry is missing. The integral can develop singularities
at locations determined by the entries of Q (which are functions of the external
momenta) and the properties of the numerator. There are possible branch point
beginning at the following locations.
i¯j =

r(Q−1{ij},{ij}) Qii 6= 0, Qjj 6= 0(
Q2ij
Qjj
)−sign(Qij)
Qii = 0, Qjj 6= 0(
Q2ij
Qii
)−sign(Qij)
Qii 6= 0, Qjj = 0
Q
−2sign(Qij)
ij Qii = 0, Qjj = 0
These are actual branch points only if the residue on the spherical contour corre-
sponding to the variables xi and xj is non zero. In the cases when the integral is
non-zero, its value gives the discontinuity across the cut.
To compute the spherical residue, we use the following algorithm.
• Perform the transformation(
xi
xj
)
= R
(
wi
wj
)
−Q−1{ij}{ij}Q{ij}{îj}X{îj}. (4.2)
thereby reducing the denominator to the form
wiwj +X{îj}Q
(ij)X{îj}
Here R is a 2×2 matrix such that RTQ{ij}{ij}R =
(
0 1/2
1/2 0
)
.
• Integrate over the entire complex plane / Riemann sphere by setting wi = reiθ
and wj = re
−iθ with ranges r ∈ (0,∞) and θ ∈ (0, 2pi).
It was shown in [1] that the whole procedure can be interpreted as an algebraic
operation on the quadric, i.e. after integration the new quadric Q(ij) is related to the
old one by
Q(ij) = Q{îj}{îj} −Q{îj}{ij}Q−1{ij}{ij}Q{ij}{îj}
Furthermore, the effect of performing multiple spherical contour integrals is captured
by extensions of the same formula. In 4 spacetime dimensions, the maximum number
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of spherical contours we can perform is four (this is equivalent to cutting four prop-
agators and fully localizing the momentum). This double spherical residue results in
a quadric
Q(ijkl) = Q{îjkl}{îjkl} −Q{îjkl}{ijkl}Q−1{ijkl}{ijkl}Q{ijkl}{îjkl}
In order to complete the interpretation as an algebraic operation , we need to provide
similar expressions for the numerators after the integrals. We will now examine the
effect the spherical contour integral has on the numerators.
Linear numerator
Let’s start with a Feynman parameter integral with a linear numerator,
Il =
∫ 〈Xdn−1X〉(L.X)
(X.Q.X)(n+1)/2
(4.3)
We want an expression for the numerator after performing a spherical contour integral
along the (xi, xj). To perform the integral, we first decompose the numerator into
parts along xi, xj and orthogonal pieces.
L.X = L{̂ij}.X{̂ij} + L{ij}.(xi, xj)
Performing the transformation 4.2 results in an integral which we denote as
I
(ij)
l =
∫ 〈X{îj}dn−3X{îj}〉(L(ij).X{îj})
(X{îj}.Q
(ij).X{îj})
(n−1)/2 (4.4)
with
L(ij) =
1√−4DetQ{ij}{ij}
(
L{̂ij} − L{ij}Q−1{ij}{ij}Q{ij}{îj}
)
(4.5)
Quadratic numerator
Consider next, the case of an integral with a quadratic numerator.
Iq =
∫ 〈Xdn−1X〉(N.X.X)
(X.Q.X)(n+2)/2
(4.6)
To perform a spherical contour integral in the (xi, xj) direction, we decompose N
(ij)
in the same way as before.
X.N.X = X{ij}N{ij}{ij}X{ij} + 2N{ij}{îj}X{ij}X{îj} +N{îj}{îj}X{îj}X{îj}
We can show that the result can be written as
I(ij)q =
∫ 〈X(ij)dn−3X(ij)〉(X(ij).N (ij).X(ij))
(X(ij).Q(ij).X(ij))n/2
– 12 –
with
N (ij) = Q(ij)Tr(Q−1{ij}{ij}N{ij}{ij}) + (n− 2)
(
Q{îj}{ij}Q
−1
{ij}{ij}N{ij}{ij}Q
−1
{ij}{ij}Q{ij}{îj}
−Q{îj}{ij}Q−1{ij}{ij}N{ij}{îj} −N{îj}{ij}Q−1{ij}{ij}Q{ij}{îj} +N{îj}{îj}
)
(4.7)
For more details on the calculation, we refer the reader to Appendix B.
The effect of multiple spherical contours is easy to express in this form. For e.g. a
double spherical residue along directions (ijkl), on the linear and quadratic numer-
ators, results in L(ijkl) and N (ijkl) with obvious definitions.
4.1 Properties of Feynman integrals coming from loop integrals
In this section we elaborate on some properties satisfied by Feynman integrals. An
integral of the form (4.1) must satisfy the following conditions if it comes from a
Feynman diagram.
• The quadric Q must be degenerate for n > 6. This is because the entries of the
quadric are all of the form Yi.Yj where Yi and Yj are embedding space vectors.
The embedding space corresponding to 4D spacetime is 6 dimensional. Thus
the rank of Q is always 6.
• The tensor in the numerator, T must share the null space of the degnerate Q
(for n > 6). If N is a vector in the null space of Q, i.e. Q.N = 0, then we must
have T.N = 0.
It is a non trivial fact that these properties continue to hold after we perform a
spherical contour integral. We can use the expressions derived above to provide a
quick proof of these facts.
This is easy to show for a Feynman parameter integral with a linear numerator (4.3).
We want to show that the new numerator shares a null space with the new quadric.
i.e. for every N ′ such that Q(ij).N ′ = 0, we have L′.N = 0. To show this, suppose
that N belongs to the null space of L and Q. Then we have L.N = 0 = Q.N = 0. It
is easy to see that N ′ = N{îj} is a null vector of Q
(ij) using the following property.
Q.N = 0 =⇒ Q{}{ij}N{ij} = −Q{}{îj}N{îj}
where the empty {} can be either {ij} or {îj}. Using (4.5) it is obvious that
L(ij).N ′ = 0. Thus (4.3) satisfies all the conditions of a Feynman integral after a
spherical contour.
This can be extended to a class of integrals of the form
〈Xdn−1X〉 (L.X)
n−D
(X.Q.X)n−D/2
(4.8)
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The spherical residue in variables (xi, xj) is a sum of terms of the form (0 ≤ k ≤
n−D)
(L(ij).X)n−D−k/2
(X ′Q′X ′)(D+k+2−2n)/2
See [A] for the detailed derivation of this result. We see that the proof for a linear
numerator works here as well. An similar calculation using (4.7) shows that the same
holds true in the case of a quadratic numerator
4.2 Spherical contours meet IR divergences
We have seen that the double spherical contours calculate the leading singularities.
We know that leading singularities obey relations that arise from the global residue
theorem [5]. These must be reflected in the double spherical contours. Let us start
with the simple example of
I5 =
∫ 〈Xd4X〉x2
(x1x3Q13 + x1x4Q14 + x2x4Q24 + x2x5Q25 + x3x5Q35)3
This integral is IR divergent and the divergence corresponds to the triplet (x1x2x3).
Let us calculate the double spherical contours (1423), (1425), (1324), (1325).
c1423 = −c1425 = c1324 = c1325 = − 1
2Q25Q13Q24
(4.9)
We see that c1425 + c1423 = 0 as expected from the Global residue theorem. However,
c1324 + c1325 6= 0 and this is precisely because of the IR divergence. Similar residue
theorems are satisfied by the double spherical contours as can be checked from our
expression for the 6 point MHV amplitude. Since the IR divergence introduces non-
zero composite residues, the statement of the global residue theorem must be changed
to accommodate these. The spherical residue capture the usual leading singularities
in Feynman parameter space and the scaling limit introduced in Sec[3.2] captures
the composite residues. A similar analysis can be found in [10].
5 Constructing integrands using spherical residues
In 4D, performing two spherical contour integrals is equivalent to putting four prop-
agators on-shell. This fully localizes the loop momentum. The resulting object is
the sum of the leading singularities associated with cutting the four propagators.
Specifying the leading singularities (LS) puts constraints on the integrand. We can
construct integrands from their singularities in Feynman parameter space using this
technique. In this section, we will illustrate this with a few examples at 5 and 6
points. We will use our knowledge of the leading singularities of MHV amplitudes of
N = 4 SYM to construct the one-loop integrand for the 5 and 6 point amplitudes.
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5.1 5 point integrands
At 5 points, a generic Feynman parameter integrand is
I5 =
∫
〈Xd4X〉 (L.X)
(X.Q.X)3
Since we know that the only allowed poles in momentum twistor space are of the
form 〈ABii + 1〉 = 0, we will assume that the quadric is Qij = 〈i − 1ij − 1j〉. The
vector in the numerator L = (l1, l2, l3, l4, l5) is to be determined from the LS. We
demand that all the LS are equal and for convenience, we set them equal to 1.
We have five unique double spherical contour integrals corresponding to the five
one mass LS. We denote a double spherical residue by the four associated Feynman
parameters. (Note that our Feynman parameters are labeled such that the contour
(ij) is equivalent to cutting propagators 〈ABi− 1i〉 = 〈ABj − 1j〉 = 0. The residue
corresponding to (1435) is
2(l5Q13Q24 + l4Q13Q25 − l3Q14Q25 + l2Q14Q35 − l1Q24Q35)
Q13Q24Q25
(5.1)
Demanding that this be 1 imposes a constraint on the li. Similarly demanding that
all the other LS are equal to one leads to the numerator
l = 1/2 (Q13Q14Q25, Q13Q24Q25, Q13Q24Q35, Q14Q24Q35, Q14Q25Q35) (5.2)
We see that the leading singularities completely determine the five point amplitude
in Feynman parameter space. This should be compared with (6.7) which was ob-
tained by summing all the chiral pentagons at 5 points. Note that this integrand is
IR divergent and has all the divergences associated with the 5 point amplitude.
We can also construct an integrand with only one non zero LS. Demanding that I5
has support only on the cut (1425) and has unit residue results in∫
〈Xd4X〉Q14Q25
4
(x1Q13 + x5Q35)
(XQX)3
It is easy to recognize that this is the Feynman parametrization of∫
AB
〈AB34〉
〈AB12〉〈AB23〉〈AB34〉〈AB45〉〈AB15〉
5.2 6 point integrands
A generic 6 point integrand in Feynman parameter space has a quadratic numerator.
I6 =
∫
〈Xd5X〉 X.N.X
(X.Q.X)4
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N is a symmetric, rank 2 tensor. The quadric Qij = 〈i − 1ij − 1j〉 as usual for a
one-loop integral. We can always make a change of variables to reduce it to
Q =

0 0 1 1 1 0
0 0 0 u1 1 1
1 0 0 0 u2 1
1 u1 0 0 0 u3
1 1 u2 0 0 0
0 1 1 u3 0 0

We refer the reader to Appendix C for more details. We have three kinds of leading
singularities, one-mass, two-mass easy and two-mass hard. All the two mass hard
leading singularities must vanish and all the remaining ones must be equal. We
normalize them to unity for convenience. For computational simplicity, we choose
external data
Zn =
(
1, n, n2, n3
)
, n = 1, . . . 6
The constraints on N arising from specifying the leading singularities suffice to fix
all but 6 of the coefficients. After implementing these constraints, the integral can
be written as a sum of two terms.
I6 =
∫
〈Xd5X〉 (X.N1.X +X.N2.X)
(X.Q.X)4
with
X.N1.X = 9
(
729x21 + 810x1x2 + 81x
2
2 + 126x2x3 + 45x
2
3 + 50x3x4 + 5x
2
4 − 648x2x5
+495x3x5 + 50x4x5 + 45x
2
5 + 810x1x6 + 1215x3x6 + 207x4x6 + 126x5x6 + 81x
2
6
)
X.N2.X = 2n13x1x3 + 2n14x1x4 + 2n24x2x4 + 2n15x1x5 − 2n14x2x5 + 2n15x2x5 + 18n24x2x5
−(10n14x3x5)/9− (10n26x3x5)/9 + 2n26x2x6 − 2n15x3x6 − 18n24x3x6 − (2n13x4x6)/9
+(2n14x4x6)/9− (2n15x4x6)/9− 2n24x4x6
The large integers that arise in this expression are due to the choice of external data.
It is tedious but possible to rewrite this expression in terms of 〈ijkl〉. The integral
with numeratorX.N2.X is always rational and all its double spherical residues vanish.
Here, we see a clear separation in Feynman parameter space of the rational part and
the transcendental part.
6 Feynman paramerization in planar N = 4 SYM
In this section, we examine the one-loop MHV integrand of N = 4 SYM. It is
completely determined by its leading singularities and has a well known expression
in terms of chiral pentagons.
A1−loopMHV =
∑
i<j<i

 . (6.1)
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Henceforth, we denote the chiral pentagon integral shown above by (ji) which takes
the following form in momentum twistor space.
(ji) =
∫
AB
〈AB(j − 1jj + 1) ∩ (i− 1ii+ 1)〉〈?ji〉
〈ABi− 1i〉〈ABii+ 1〉〈ABj − 1j〉〈ABjj + 1〉〈AB?〉 (6.2)
where ? is an arbitrary bitwistor.
There are two leading singularities, i.e. two solutions to the set of equations
〈ABi− 1i〉 = 〈ABii+ 1〉 = 〈ABj − 1j〉 = 〈ABjj + 1〉 = 0
These are the lines Z[iZ j] and (i− 1ii + 1) ∩ (j − 1jj + 1). The above integrand is
chiral and has vanishing support on the solution (i−1ii+1)∩ (j−1jj+1). Thus an
individual chiral pentagon is tailored to reproduce a leading singularity. However, it
also has additional leading singularities arising from the pole 〈AB?〉. These are not
singularities of the amplitude and must cancel in the sum in (6.1). The cancellation
of the spurious poles is not manifest and it is desirable to obtain an expression for
the complete amplitude which is free of spurious poles. For attemopts along this
line in momentum twistor space, see [11]. Here, we will derive an expression for
the complete integrand in Feynman parameter space and we will see a transparent
cancellation of the spurious poles. We begin with the simple case of the four point
amplitude. In this case, there are 12 contributing pentagons
AMHV4 = (1, 2) + (1, 3) + (1, 4) + cyclic
AMHV4 =
∫
AB
2〈1234〉
〈AB12〉〈AB23〉〈AB34〉〈AB41〉〈AB?〉 ×

−〈?12〉〈AB34〉+ 〈?23〉〈AB41〉
−〈?34〉〈AB12〉+ 〈?41〉〈AB23〉
+〈AB24〉〈?13〉+ 〈AB13〉〈?24〉

=
∫ [
d4Y
] 〈Xd4X〉 (Y.N)
(W.Y )5
(6.3)
where
W = x1 12〉+ x2 23〉+ x3 34〉+ x4 41〉+ x ?〉
and N is the numerator of (6.3) written in embedding space. Performing the mo-
mentum integral yields the Feynman parametrization.
AMHV4 =
∫
〈Xd4X〉 1
(W.W )3
{−2〈1234〉x(〈?13〉〈?24〉 − 〈X12〉〈?34〉+ 〈?23〉〈?41〉)
+〈1234〉2(x1〈?12〉+ x2〈?23〉+ x3〈?34〉+ x4〈?41〉)
}
Having obtained the Feynman parametrization, it is now straightforward to demon-
strate that AMHV4 is independent of both x and ?. First, note that the coefficient
of x, which is quadratic in ? vanishes due to a Schouten identity. The rest of the
expression can be written as a total derivative.
AMHV4 = −
1
2
∫
〈Xd4X〉〈1234〉2 ∂
∂x
(
1
(W.W )2
)
=
1
2
∫
〈Xd3X〉 1
(W˜ .W˜ )2
(6.4)
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with W˜ = W x=0 and the integral over the remaining Feynman parameters.
This procedure can be repeated at higher points. In each case, we find that the
coefficient of the highest power of x vanishes due to a Schouten identity and the rest
can be writen as a total derivative which is independent of ? at the boundaries. We
present an expression for the 5 point amplitude. The details of the calculations are
relegated to Appendix D.
AMHV5 =
∫
〈Xd5X〉 ∂
∂x
(
2n0 (W.?) + W˜ .W˜n1 + 3 (W.?)n1x
(W˜ .W˜ )3(W.?)2
)
(6.5)
Here n0 and n1 are the coefficients of x
0 and x in (D.2). As before, the integral
localizes to the boundaries where it is independent of the bitwistor ? and is given by
AMHV5 =
∫
〈Xd4X〉 n
d3
(6.6)
n = (〈1234〉〈1245〉〈1235〉x1 + 〈1234〉〈2345〉〈1235〉x2 + 〈1345〉〈1234〉〈2345〉x3
+〈1345〉〈2345〉〈1245〉x4 + 〈1345〉〈1245〉〈1235〉x5) (6.7)
d = W˜ .W˜ where W˜ = x112〉+ x223〉+ x334〉+ x445〉+ x515〉
It is easy to see that (6.4) and (6.7) have the correct singularity structure. The pres-
ence of linear terms in the numerator of the 5 point amplitude implies the presence
of IR divergences as expected. We can obtain similar expressions for the integrand
at higher points. However, this has to be done on a case by case basis and we don’t
have a general expression.
7 Outlook
In this paper we have explored the singularity structure of one-loop Feynman pa-
rameter integrands and their geometry. The spherical residue captures the notion of
discontinuity and the double spherical residue that of leading singularities. Feynman
parameter integrands that arise from Feynman graphs satisfy special constraints and
we saw that the spherical contour remarkably preserves these properties. We have
provided an algebraic description of spherical residues and given formulae which can
be use to compute both them as algebraic mappings. The double spherical residue
was exploited to construct Feynman parameter integrands. Composite residues in
momentum space captures the leading IR divergences. The scaling procedure intro-
duced in Section[3.2] to extract the leading IR divergences shows that the notion of
composite residues exists even in Feynman parameter space.
The obvious next step is to extend the results of this paper beyond one loop. It would
be interesting to explore the extraction of the leading IR divergence of a two loop
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graph by a similar method. For some details on higher loop Feynman parametriza-
tion and IR divergences, we draw the reader’s attention to [12]. While extraction of
the leading IR behaviour is fascinating in its own right, it could also prove useful in
calculating the cusp anomalous dimension of N = 4 SYM which has been a topic of
some interest in the past few years [13]. The knowledge of the relationship between
cuts of Feynman graphs and discontinuites is intensely studied in momentum space
(see [14, 15]). In Feynman parameter space, this amounts to an underanding of the
relationship between between spherical residues and leading singularities at higher
loops. This is an essential ingredient in attempting any construction of higher loop
integrands. While these are some of the immediate pragmatic questions of general
interest, some features of Feynman parameter integrands of N = 4 SYM raise more
provocative questions.
Section[6] shows the explicit independence of MHV amplitudes on spurious poles at
4 and 5 points. While this cancellation is expected even in momentum twistor space,
it is simpler to observe in Feynman parameter space and isn’t the consequence of
a complicated identity satisfied by the external data. Another miraculous feature,
seen from the 4 and 5 point one-loop integrands, Eqs (6.4) and (6.7), is that they are
both manifestly positive ( for positive external data). Positivity of the integrands in
momentum twistor space was observed in [11]. There the positvity stemmed from
the more complicated identity 〈ABi¯j¯〉 > 0 for configurations of Zi in the amplituhe-
dron. Here, 〈ijkl〉 > 0 for i < j < k < l suffices to guarantee positivity. It is crucial
to check if these features persist beyond one loop. It would also be interesting to
analyze the positivity properties of the log of the amplitude and the n-point Ratio
function [16] in Feynman parameter space.
The existence of these properties seems to suggest that Feynman parameter space
more than an auxiliary space introduces to aid in integration and is a natural space
to study loop integrands. In the last decade, a rich geometric structure underlying
scattering amplitudes of N = 4 SYM has been uncovered [17, 18] and positive
geometry [19] is at the heart of it all. It is a natural to wonder if the properties seen
here are a reflection of this structure. If this were true, it suggests that Feynman
parameter space has an extremely rich geometry and the properties observed thus
far are only the tip of the iceberg.
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A Cuts of Feynman integrals
A class of integral coming from Feynman parametrizing a 1-loop diagram will are of
the form
In =
∫
〈Xdn−1X〉 (L.X)
n−D
(X.Q.X)n−D/2
We will perform a spherical contour integral in the (ij) directions. Using the trans-
formation in (4.2), the above integral becomes,
I(ij)n =
∫
dwi dwj 〈X(ij)dn−3X(ij)〉R
(
L{îj}X{îj} + L{ij}(Rw){ij} − L{ij}Q−1{ij}{ij}Q{ij}{îj}X{îj}
)n−D
(wiwj +X(ij)Q(ij)X(ij))n−D/2
where R =det R. The integral over wi, wj to be done over S2 with an implicit factor
of 1
2pii
. Using 4.5, we can write the numerator as(
L{ij}Rwij + L(ij)X{îj}
)n−D
Since we are integrating over the Riemann sphere with the substitution wi = re
iφ, wi =
re−iφ, only terms containing some power of the product wiwj survive the angular in-
tegration. This yields,
I(ij)n =
n−D∑
k=0,even
(
n−D
k
)(
k
k/2
)
(R.L)
k/2
i (R.L)
k/2
j
Γ (1 + k/2) Γ (−1−D/2− k/2 + n)
2Γ (n−D/2)∫
〈X(ij)dn−3X(ij)〉 (L
(ij).X(ij))n−D−k/2
(X(ij)Q(ij)X(ij))(D+k+2−2n)/2
B Spherical contour with a quadratic numerator
In this appendix, we sketch out the details of transformation of a quadratic numerator
under a spherical residue. Consider the integral in 4.6. The transformation (4.2)
changes the numerator to
X.N.X → detR
(
(Rw)N{ij}{ij}(Rw) +X{îj}Q{îj}{ij}Q
−1
{ij}{ij}N{ij}{ij}Q
−1
{ij}{ij}Q{ij}{îj}X{îj}
−2X{îj}Q{îj}{ij}Q−1{ij}{ij}N{ij}{îj}X{îj} +X{îj}N{îj}{îj}X{îj}
)
With detR = 2
√−detQ{ij}{ij}, we can write the cut integral as
I(ij)q =
∫ 〈X(ij)dn−3X(ij)〉
2
√−detQ{ij}{ij} dwidwj2pii (Rw)N{ij}{ij}(Rw) +X{îj}N
′X{îj}
(wiwj +X(ij)Q(ij)X(ij))
n
2
+1
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The first term integrates to
1
2pii
∫
wi=w¯j
(w.(RTNR).w) 〈X(ij)dn−3X(ij)〉dwi dwj
(wiwj +X{îj}Q
(ij)X{îj})
n+2
2
=
〈X(ij)dn−3X(ij)〉Tr(Q−1{ij}{ij}N{ij}{ij})
2
√−detQ{ij}{ij}n(n− 2)(X{îj}Q(ij)X{îj})n2−1
and the second one to
1
2pii
∫
wi=w¯j
〈X(ij)dn−3X(ij)〉(X{îj}N ′X{îj})dwi dwj
(wiwj +X{îj}Q
(ij)X{îj})
n+2
2
=
〈X(ij)dn−3X(ij)〉(X{îj}N ′X{îj})
2
√−detQ{ij}{ij}n(X{îj}Q(ij)X{îj})n2
C Leading singularities at 6 points
At n = 6, we can have leading singularities which correspond to the three box
diagrams shown in Figure C.
Figure 2. One-mass, two-mass easy and two-mass hard singularities
We label the leading singularities by the Feynman parameters of the cut propagators.
by associating xi with the propagator 〈ABii + 1〉. Thus (ijkl) corresponds to the
leading singularity which results from setting 〈ABi − 1i〉 = 〈ABj − 1j〉 = 〈ABk −
1k〉 = 〈ABl − 1l〉 = 0. In this notation, the list of singularities is
• One mass (1456), (3456), (1234), (6123), (5612), (2345)
• Two mass easy (1356), (6245), (5134), (4623), (3512), (2461)
• Two mass hard (3461), (4512), (5623)
The 1-loop, n− point amplitude of N = 4 SYM is a sum over all one - mass and
two-mass easy leading singularities. Thus the numerator of the full amplitude is
constrained to make all the two mass hard singularities vanish and to make all the
other singularities equal. The six point amplitude in momentum twistor space must
have the form ∫
AB
〈ABX〉〈ABY 〉
〈AB12〉〈AB23〉〈AB34〉〈AB45〉〈AB56〉〈AB16〉
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for some bitwistors X and Y. The corresponding object in Feynman parameter space
looks like ∫ 〈Xd5X〉(X.N.X)
(X.Q.X)4
where the quadric Qij ≡ qij = 〈i−1ij−1j〉 and the numerator is a symmetric tensor
with coefficients to be determined. We can simplify the denominator by making the
transformation xi → yixi with
y =
(√
q25q36
q13q15q26
,
√
q15q36
q13q25q26
,
√
q15q26
q13q25q36
,
√
q13q15q26
q214q25q36
,
√
q13q26
q15q25q36
,
√
q25q13
q15q26q36
)
This transforms the denominator into X.Q.X → x1x3 +x1x4 +x1x5 +u1x2x4 +x2x5 +
x2x6 + u2x3x5 + x3x6 + u3x4x6 with u1 = q24q15/(q25q14), u2 = q35q26/(q36q25) and
u3 = q46q13/(q14q36).
We demand that all two-mass hard leading singularities vanish and that all the rest
are equal to 1. This places some constraints on the numerator N.
D Feynman parametrizing the MHV planar 1-loop integrand
In this appendix, we provide the details of Feynman parametrizing the complete one-
loop MHV integrand for planar N = 4 SYM. As explained in Section 6, the one-loop
integrand is given by
AMHVn =
∑
i<j<i
(ji)
More concretely, the expression for the amplitude at n points is
AMHVn =
∫
AB
(
n∑
i=2
1
〈ABn1〉〈AB12〉〈AB?〉
〈AB(n12 ∩ i− 1ii+ 1)〉〈?1i〉
〈ABi− 1i〉〈ABii+ 1〉
)
+ cyclic
AMHVn =
∫
AB
(
〈n123〉〈?12〉
∏
i 6=n,1,2
〈ABii+ 1〉 − 〈12n− 1n〉〈?1n〉
∏
i 6=1,n−1,n
〈ABii+ 1〉
+
n−1∑
k=2
〈AB(n12 ∩ k − 1kk + 1)〉〈?1k〉
∏
i 6=k−1k,1,n
〈ABii+ 1〉
)
〈AB?〉
n∏
i=1
〈ABii+ 1〉
Combining all the terms in the cyclic sum,
AMHVn =
1
〈AB?〉∏ni=1〈ABii+ 1〉
(
2
n∑
l=1
〈?ll + 1〉
∏
i 6=l−1,l,l+1
〈ABii+ 1〉〈l − 1ll + 1l + 2〉
+
n∑
k=1
k−2∑
l=k+2
〈?lk〉〈AB(l − 1ll + 1) ∩ (k − 1kk + 1)〉
∏
i 6=k−1,k,l−1,l
〈ABii+ 1〉
)
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We can proceed with Feynman parametrization using embedding space techniques.
The following formula is useful
〈ABY1〉 . . . 〈ABYn−3〉
〈AB12〉 . . . 〈ABn1〉〈AB?〉
FP−−→
(
Y1.
d
dW
)
...
(
Yn−3.
d
dW
)
1
(W.W )2
(D.1)
with W =
∑n−1
i=1 xi ii+ 1〉+ xn 1n〉+ x ?〉.
In the 5 point case numerator after performing the cyclic sum is,
〈?12〉〈5123〉〈AB34〉〈AB45〉+ 〈?23〉〈1234〉〈AB45〉〈AB51〉+ 〈?34〉〈2345〉〈AB51〉〈AB12〉
+〈?45〉〈3451〉〈AB12〉〈AB23〉+ 〈?51〉〈4512〉〈AB23〉〈AB34〉+ 〈?13〉〈AB1¯3¯〉〈AB45〉
+〈?14〉〈AB1¯4¯〉〈AB23〉+ 〈?24〉〈AB2¯4¯〉〈AB51〉+ 〈?25〉〈AB2¯5¯〉〈AB34〉
+〈?35〉〈AB3¯5¯〉〈AB12〉.
Eq (D.1) adapted to this case reads,
(Y1.Y2)(W.W )− 6(Y1.W )(Y2.W )
(W.W )3
which yields the following Feynman parametrization for AMHV5 .
〈?12〉〈5123〉(−6〈W34〉〈W45〉) + 〈?23〉〈1234〉(−6〈W45〉〈W51〉)
+〈?34〉〈2345〉(−6〈W51〉〈W12〉) + 〈?45〉〈3451〉(−6〈W12〉〈W23〉)
+〈?51〉〈4512〉(−6〈W23〉〈W34〉)
+〈?13〉 [〈5124〉〈2345〉W.W − 6〈W45〉 (〈W12〉〈5234〉+ 〈W25〉〈1234〉)]
+〈?14〉 [−〈5123〉〈3452〉W.W − 6〈W23〉 (〈W51〉〈2345〉+ 〈W25〉〈1345〉)]
+〈?24〉 [〈1235〉〈3451〉W.W − 6〈W51〉 (〈W23〉〈1345〉+ 〈W31〉〈2345〉)]
+〈?25〉 [−〈1234〉〈4513〉W.W − 6〈W34〉 (〈W12〉〈3451〉+ 〈W31〉〈2451〉)]
+〈?35〉 [〈2341〉〈4512〉W.W − 6〈W12〉 (〈W34〉〈2451〉+ 〈W42〉〈3451〉)] (D.2)
Plugging in W , this evaluates to (6.5)
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